Abstract-Imaging of electrical current by measuring the magnetic field which it produces requires the solution of the magnetic inverse problem. For a current restricted to a plane, the inverse problem can theoretically be solved by a linear spatial filtering method. We have demonstrated experimentally that currents restricted to the surface of a printed circuit board can be imaged using this method. To measure the magnetic field we have used a magnetic resonance imaging technique. The reconstructed current density images illustrate that a tradeoff exists between the spatial resolution and the signal-to-noise ratio, ( S I N ).
I. INTRODUCTION ONINVASIVE techniques have been suggested for N imaging of both biological and externally applied currents [l] , [2] . These methods use a conventional SQUID magnetometer to measure magnetic fields at points remote from the current. The SQUID methods can give a unique solution only for two-dimensional (2-D) current distributions. A measurement of any one component of the magnetic field, B , at points in a plane parallel to a 2-D current distribution is sufficient to uniquely specify both components of the corresponding current density, J Recently, it was demonstrated that noninvasive threedimensional ( 3 -D ) current density imaging is possible for externally applied currents [3] , [4] using magnetic resonance (MR) imaging to measure magnetic fields at points where current flows. With MR imaging, a magnetic field component produced by a current can be measured provided that this component is'parallel to the static magnetic field, Bo, of the MR imager. Changes in the Larmor frequency, caused by the magnetic field, Bj, associated with J , cause a measurable change in the phase of the MR image. These phase changes can be used to measure the component of Bj parallel to B,.
In our experiment we have demonstrated that magnetic resonance is applicable to imaging of 2-D currents. The currents were restricted to the surface of a printed circuit board set in the xy plane. The circuit board was bathed in a nonconducting mineral oil to provide an MR signal. the z component of the magnetic field produced by the current and then applied a spatial filtering technique [l] to find J .
11. ASSUMPTIONS The basic assumption inherent in the magnetic resonance and spatial filtering technique is that the currents to be imaged are of very low frequency. Under such conditions, the quasistatic approximation of Maxwell's equations applies [ l] , [3] . The magnetic permeability, p, can be approximated by po = 47r x H m-I since the magnetic susceptibility of the imaging medium (mineral oil) is negligible [4] . In addition to a slowly varying current, the spatial filtering technique assumes that the current is restricted to a thin sheet of thickness d.
MEASUREMENT OF THE MAGNETIC FIELD A . Materials and Methods
The equipment used in our experiment included a printed circuit board as shown in Fig. 1 , a plastic cylinder containing mineral oil as shown in Fig. 2 , a current source, and an MR imager. The printed circuit board contains a spiral copper track with seven turns. The innermost turn is situated at a radius of 3.5 cm while the outermost turn is at a radius of 5 cm. The width of the track is approximately 0.5 mm with the copper thickness, d , of 36 pm (see Fig. 1 ). In contrast, the current distributions simulated in [l] were 1 to 5 mm across their largest dimension.
The circuit board was installed inside the plastic cylinder having an outer radius of 16.5 cm and a length of 30 cm. The cylinder was then filled with mineral oil to provide a medium that could produce a magnetic resonance signal. The oil-filled cylinder was placed inside a General Electric Signa MR imager to measure the z component of the magnetic field in a slice of thickness 3 mm centered at a height of 10 mm above the circuit board. The slice thickness was the smallest routinely used with this imager. The 10-mm distance was chosen to avoid imaging artifacts caused by the circuit board. The imager's field of view was 20 cm x 20 cm and the pixel size of the MR images was 0.78 mm. The current source supplied a *lo mA bipolar pulse to the circuit board. The incoming and the outgoing wires were treated as a twisted pair. The net circulating current (seven turns) on the circuit board was 70 000 times the simlated current reported in [l] .
To measure the t component of the magnetic field, B,, the externally applied current pulse was synchronized with 0018-9456/90/1200-1048$01 .OO @ 1990 IEEE peaked and short tailed. The noisy regions of the phase image outside the cylinder's circumference were removed with a sharp edged mask. The standard deviation of B, was 16.7 nT. This is approximately 34 000 times greater than the standard deviation predicted in [l] where a SQUID detector was proposed. A profile of the B, image, taken at the center of the image and parallel to its x axis, is shown in Fig. 4 (b). The peak value of B, is -1.2 pT.
IV. SOLUTION OF THE MAGNETIC INVERSE PROBLEM A. Method
The reconstruction of the current density image from the B, measurement was accomplished by a spatial filtering technique [ 13. The salient features of this technique are ~~~r i~~ domain high-pass and low-pass filters. ~h~ two high-pass filters relate the current density components, j , ( k x , k , ) and j j ( k x , k , ) , to the magnetic field, b , ( k x , k ) ) , by is the period when the current is on (20 ms). Residual phase inhomogeneities were removed by subtraction of an image produced with no current pulse.
B. Experimental Results
The image of the z component of the magnetic field, shown in Fig. 4(a) , was computed from a noisy phase image. The noise in the phase image, can be derived from the phase statistics of a complex Gaussian distributed random process. Outside the cylinder, this process has a mean of zero and the phase is uniformly distributed over 27r. Inside the cylinder, the mean of the process is not zero and so the phase noise probability density is more where k, and ky are the spatial frequency components in rad m-' and k = m. The constant, d, is the copper thickness (36 pm) and z is the height above the circuit board at which B, was measured (10 mm). The low-pass filter Hanning window, which is applied to the b, (k,, k,) data after high-pass filtering, is
where k,,, is the upper cutoff frequency of the filter. By increasing k,,,, more of the higher frequency components of bs(k,, k,) are included in the current density image reconstruction and unfortunately, more noise is also added to the image. A tradeoff exists therefore, between the spa-lEEE TRANSACTIONS ON 1NSTRUMENTATlON AND MEASUREMENT, VOL. 39, NO. 6. DECEMBER 1990 (Fig. 4(a) ) and parallel to its x axis. tial resolution of the image and its signal-to-noise ratio The computed current density componentsj., (k,, k,.) and j ? ( k , , k,) are converted by inverse Fourier transform to J x ( x , y ) and J?,(x, y ) , respectively. Finally, J , ( x , y ) and J,.(x, y ) are combined to form a noisy current density imAs a check for our experimental data we have simulated the current density images which would be produced by a current distribution comprising seven circular copper tracks. The circular current tracks have the same width,
( S I N ) .
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inner radius, outer radius, and current intensity as the printed circuit board track shown in Fig. 1 . Furthermore, the circular tracks have been spaced to approximately match the position of the spiral track on the printed circuit board. The simulated current density images are produced by low-pass filtering this simulated current with the filter defined by (4).
B. Experimental Results
We solved the magnetic inverse problem for three different values of upper cutoff frequency k,,,: 60a, 120a, and 240a rad 6'. The magnitude images that we reconstructed using the stated values of k,,, are shown in Fig.  5(a) , 5(b), and 5(c), respectively. Accompanying each current density image is a current density profile, taken at the center of each image and parallel to its x axis, as shown in Fig. 6(a) , 6(b), and 6(c). The net circulating current was calculated from each figure by integrating the measured values of J , along the x axis from zero to 10 mm. The average was 63.1 mA with a range of 0.5 mA. Also included in Fig. 6 are the corresponding profiles made with the simulated current density images.
The S I N ratio and the spatial resolution of the measured current density image are strongly affected by the cutoff frequency, k,,,, of the Hanning window. We determined k,,, to be 1 2 0~ rad m-' by finding the spatial frequency at which the signal and noise amplitudes were approximately equal. This was determined using, bz ( k , , k v ) , the Discrete Fourier Transform of the measured magnetic field B , ( x , y ) . A profile of b , ( k ) is shown in Fig.  7 , from which it can be seen that the noise is approximately independent of the higher spatial frequencies. A decrease in k,,, to 6 0 a rad m-I results in an improved S I N ratio and decreased resolution, as illustrated in Fig.  5(a) . A blurring effect is also evident in the profile (Fig.   6(a) ) and creates uncertainty as to the true location of the current carrying tracks. An increase in k,,, to 240a rad m-I degrades the S I N ratio but improves the image resolution, as shown in Figs. 5(c) and 6(c). These observations are consistent with the spectrum shown in Fig. 7 . The effect of k,,, on the peak value and the resolution of the current density is summarized in Table I. In the profile figures, the two peak values of the measured current density are unequal, with the left peak exceeding the right peak (see Fig. 6(b) (c) ). In Fig. 6(c) , for example, the left peak is 15% higher than the right peak. When the x profile line is rotated through 90 degrees, the new peak values differ only by 10%. As k,,, is decreased from 240a rad m-' to 60n rad m-I, the difference between the peaks of the measured current density disappears (see Fig. 6(a) ).
The simulated and the measured current density profiles are nearly identical for k,,, frequencies of 60a and 120a rad m-I (see Fig. 6(a) (b) ). At k,,, of 240a rad m-I, however, they differ significantly in two respects. Firstly, the peaks of the measured current density are higher than the peaks of the simulated current density. Secondly, the region surrounding the current spiral is dominated by an artifact, whereas the region surrounding the simulated loops is artifact free (see Fig. 6(c) ). (Fig. 4(a) ), a notch is present at the edge of the white region. This notch originated from a plastic rail (not shown) used to stabilize the circuit board. The rail is situated along the inner wall of the cylinder and fits through a notch in the circuit board. Since mineral oil is not present at the location of the rail, the magnetic field there cannot be imaged. Second, the artifact present outside the current spiral (Fig. 6(c) ) is probably ringing of the high-pass filters (2) and (3) caused by the discontinuity in the experimental data at the boundary of the cylinder.
The asymmetry in the peaks of the measured current density is due mainly to noise in the phase image. The uneven spacing and thickness of the current tracks may also contribute to the asymmetry. For the profiles parallel to the x axis ( Fig. 6(b) and (c)), the difference in the left and the right peaks may also be caused by the total number of current tracks crossed by the profile line. Referring to Fig. 1 , the x profile line intersects eight current tracks on the left half of the current spiral and seven tracks on the right half, thus resulting in a higher current density peak on the left half of the profiles. Also, this difference may be due to the current lead-in wires and a bridge (on the underside of the circuit board) both residing on the left half of the current spiral.
The peaks of the measured current density profile are higher than the peaks of the simulated current density profile. This difference, most evident in Fig. 6(c) , is partly due to the difference in geometry between the measured and the simulated current distribution. Also, the measured current density is reconstructed from a noisy MR signal while the simulated current density is reconstructed from a noiseless signal. As k,,, is decreased to 120n and 60n rad m-' (see Fig. 6(a) and (b) ), the blurring effect of the Hanning window masks the differences between the measured and the simulated current density profiles.
Our method underestimated the magnitude of the net circulating current on the circuit board (70 mA) by 10%. An error of this magnitude could be explained by errors in the applied current ( 5 % ) and in the distance, z ( k 1 mm), used in (2) and (3).
We have demonstrated experimentally that the spatial filtering technique [ l ] is valid for imaging a 2-D current distribution. Also, we have shown that the magnetic field measurements required for the current density reconstruction may be obtained using a magnetic resonance tech- If we had used a SQUID magnetometer, for the same resolution, S I N ratio and height, z , as above, we might have detected currents which were 34 000 times less than & 10 mA. Alternatively, for the same current ( k 10 mA), S I N ratio and height, z , the spatial resolution could have been improved by a factor of 1.7 using SQUID. With MR imaging, however, the resolution of this current distribution could also have been improved by a factor of 2.8, if the height, z , had been reduced to 3 mm.
The spatial resolution with which one can measure electric current density depends strongly on the distance at which the magnetic field from these currents can be measured. Magnetic resonance imaging offers a way to measure magnetic fields noninvasively and thus the possibility of reducing this distance below that obtainable with other magnetometers. Indeed, with MR imaging the distance can be reduced to zero if the current flows in an appropriate medium. While less sensitive than SQUID, the MR imaging method might under certain circumstances, be capable of higher spatial resolution.
